A mathematical theory of the population genetics of the self-incompatibility polymorphism is developed for the case where self-incompatibility is controlled by a single, multiallelic gene, S, expressed gametophytically in the pollen. The theory is based on the probability of a particular allele occurring in a new plant and an approximate equation for this is compared, using computer simulation, with the true value, which depends upon the frequencies of the genotypes of the parental generation. This probability is used to express the frequency of a single established allele, from a population with both overlapping generations and variation in plant size, as a time series. The frequency is shown to follow closely the normal distribution which leads to a simple equation for the variance of the distribution. This variance is approximately equal to the average variance of the frequencies of the different alleles in a single generation and the values closely match the computer simulation results of Brooks et al. (1996) . The theory allows alternative scenarios to be investigated easily and the effects of varying the parameter values are discussed. The time to steady state can also be calculated.
Introduction A mathematical theory of the self-incompatibility polymorphism in flowering plants was first developed by Wright (1939) , who gave equations for the expected change in the relative frequency of an allele from one generation to the next and for the probability distribution of allele frequencies in a single generation. This distribution was used to calculate the number of alleles which could be maintained in a population in a number of different circumstances. Wright's work was stimulated by Emerson's (1939) survey of the Oenothera organensis population which occurred in canyons in the Organ and, in subsequent studies, found a further eight alleles (Emerson, 1940) . He estimated that the total population probably contained fewer than 500 plants. However, Wright's calculations indicated that a population of this size in steady state would be unable to maintain more than 12 or 13 alleles unless the mutation rate was high or the population consisted of small groups with little interbreeding between them (neither of which was thought to be the case). The nature of the habitat of the Organ
Mountains population made an estimation of population size difficult and a more recent survey indicated that the population may contain some 5000 plants (Levin et a!., 1979) . A population of this size is large enough, assuming a reasonable mutation 350 rate, to maintain 45 alleles according to Wright's theory, which therefore solved the problem originally posed by Emerson's survey. Fisher (1958) and Moran (1962) questioned some of the approximations made by Wright, to which he replied in 1960 and 1964, respectively, and the validity of the original results was confirmed by the computer simulations of Crosby (1966) , Ewens & Ewens (1966) , Mayo (1966) and Kimura & Maruyama (1966) . Theoretical studies have also been carried out by Ewens (1964) , Yokoyama & Nei (1979) and Yokoyama & Hetherington (1982) . Nevertheless, the amount of work in this area is quite small considering the widespread occurrence and the importance of the self-incompatibility polymorphism in flowering plants and fungi.
The situation considered by Wright (1939) was a panmictic population in which the parents for each new generation are selected at random from the previous generation. Each of the subsequent studies has considered essentially the same model. A number of other factors occur in natural populations which are likely to affect the population genetics of the polymorphism. In particular, both pollen and seed are not dispersed uniformly, generations overlap and plants vary in size. We recently used computer simulation to investigate the effects of these four factors on the average variance of the allele frequencies of a population in steady state (Brooks et a!., 1996) . That investigation showed that overlapping generations and variation in plant size considerably decreased and increased the variance, respectively. References to simulations refer to that study and the terminology used in that paper is followed here with the factor for overlapping generations (seed dormancy) being denoted D and the factor for variation in plant size (the existence of large plants) being denoted L. The simulation study also investigated the effects of limited pollen and seed dispersal (denoted P and S, respectively), but these factors were found to have only a small effect on the allele frequency variance. The different models are denoted by the factors that they contain, with the model of the panmictic population denoted the NIL model. In order to simplify the discussion, the term generation is used to refer to successive flowering episodes, although, in the case of the models containing seed dormancy, a generation is equal to more than one flowering episode.
This paper sets out a new mathematical approach to the self-incompatibility polymorphism. The theory is simpler than that of Wright (1939) , but, as a result, it is able to include the D and L factors and is more amenable to further analysis. A second
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paper (Brooks et al., 1997) sets out further results, including the number of alleles that can be maintained by a population in equilibrium.
Frequency-dependent selection equations
The theory is based on an equation for the probability of a given allele occurring in a new plant.
This section compares alternative equations for this probability for the simplest situation of a panmictic population. Let the relative frequency of a given allele, cc, in the previous generation be q. Then, the probability, P, of either of the two alleles in a new plant being cc is given by (Wright, 1960) 
where = relative frequency of the genotype fly in the previous generation. The first term in the equation is the probability that the allele inherited from the maternal parent is cc, which, because each plant has an equal chance of being chosen as the maternal parent, is simply q. The second term is the probability that the allele inherited from the paternal parent is cc, which requires that neither of the alleles of the maternal parent is cc. For each possible maternal genotype fly, any allele in the population other than those which are fi or y is a feasible paternal allele.
This probability requires that the frequencies of all the genotypes in the previous generation are known. However, if it is assumed that the frequencies of all alleles other than cc are equal, P can be expressed as a function of the relative frequency of cc, q:
(i +3q) (2) where k = the number of alleles (assumed, in the subsequent analysis, to remain constant). This equation is the same as that of Wright (1939) , except that his equation included a variable, R, which was equal to the ratio of successful cc paternal alleles to other successful paternal alleles, when mating with a maternal parent without the cc allele. The only equation given by Wright (1939) for R assumed that the frequencies of the other alleles are equal, in which case Wright's equation reduces to eqn (2). In his subsequent analysis, however, Wright (1939) considered R to be an unknown constant for which an estimate was required in order to evaluate the particular allele frequency distribution.
The expected relative frequency of in the next generation is P,(q,)/2 , and so the relative frequency of is expected to increase if the current frequency, q,, is less than the mean allele frequency, 1/k, and to decrease if it is greater than the mean. The frequency tends to move towards the mean frequency and it is this frequency-dependent selection that maintains the polymorphism.
A simulation program was run to compare eqns 1 and 2. The program randomly set up a single generation of 3840 plants containing 16 alleles (the same population size and number of alleles as the previous simulation study). For each of the 16 alleles, the true value of P, was calculated from eqn (1) using the frequencies of the genotypes in the generation. This probability was then compared with the approximate P. values from eqn (2) which assumes that the relative frequencies of the other alleles are equal. The 3840 pairs of alleles, representing the genotypes of each plant in the generation, were chosen randomly, using the NAG random number generator GO5CAF, based on fixed probabilities of choosing each allele. The second allele in each pair was reselected if it was the same as the first, as individuals must be heterozygotes. Three versions of the program were run with different allele frequency characteristics in the simulated generation and these are denoted Gi, G2 and G3. The allele frequencies varied considerably for G3, less so for G2, and were nearly equal for Gi, which was achieved by altering the probabilities of choosing each allele when producing the genotypes of the generation. For Gi, these probabilities were equal, whereas, for G2, the probability for allele (where = 1, ..., 16) was (310 +20o)/7680 (so that allele 1 will be rare and allele 16 will be common, etc.), and for G3 this was (-30+6thx)/7680. The average standard deviations of the allele frequencies for Gi, G2 and G3 were 21, 91 and 270, respectively. Each version of the program was run 63 times (in order to obtain about 1000 values) giving 1008 values for each population.
In every case, the true value of P from eqn (1) was greater than the value from eqn (2). The The expected changes in allele frequency (mean = 480) using the true probability of selection, for randomly generated populations G2 and G3 and the approximate probability eqn (2).
The Genetical Society of Great Britain, Heredity, 79, 350-360. values and the eqn (2) curve (they were very close to the eqn (2) curve). The results show that the approximate probability is close to the true value provided that the variation in the allele frequencies is not too large; they also show that the expected change in the frequency of an allele (the magnitude of the frequency-dependent selection effect) is small ____________ unless the frequency of the allele is very high.
The true probability values in Fig. 1 cross the x-axis above the mean allele frequency (480) and so the frequency of an allele will tend towards a value slightly above the mean, with this value depending upon the amount of variation in the allele frequencies. It follows that the distribution of allele frequencies will be slightly negatively skewed with a longer tail of low values. The variation in the allele frequencies for G3 is extreme, with the frequencies being roughly equally spaced and the lowest being close to zero. In the absence of selection other than frequency-dependent selection, the frequencies of most of the alleles are likely to be close to the mean and only rarely will the frequencies be very low or very high (the time series analysis will show that the allele frequency distribution is approximately normal). The expected change in frequencies will therefore lie between the G3 points and the eqn (2) curve and will vary slightly from generation to generation, so that the amount of skewness in the distribution of the frequencies is likely to be small. Wright (1960) The following mathematical theory uses a time series analysis of the frequency of a single allele and the theory requires the probability to be a linear function of the previous relative frequency of the allele to make the analysis tractable. Even without this restriction, neither of eqns (1) or (2) is suitable. The analysis is based on the frequencies of a single allele and not on those of the genotypes, so eqn (1) cannot be used. The mean frequency calculated from eqn (2) will not be equal to the correct mean of 2N/k, with the adjustment required depending on the extent of the variation of the allele frequencies which is not known in advance. A linear function can be obtained from eqn (2) by using the gradient approximation of P(q) about the mean allele frequency (q = i/k), and this gives (dropping the subscript for ease of notation):
Subsequent notation is made simpler by defining 1 k and 0=1-
This probability will be close to the true probability if the allele frequencies are close to their mean frequency, particularly if the number of alleles is large. The accuracy of the results of the following time series analysis indicates that this is a reasonable approximation.
Time series analysis
Outline of the time series analysis
The analysis considers the frequency of a single established allele. Its frequency over successive generations is a time series, with the frequency in a given generation expressed as an expected value, which is a function of the previous frequencies, plus a random variable because of the randomness in the selection process. Substitution of the expressions for the previous frequencies enables the frequency at any time to be expressed as a sum of the independent random variables and this specifies the probability distribution for the allele. In our previous study using computer simulation, the output value for each generation, t, was the variance, vary, of the k allele frequencies. In particular, the mean value of var when the population is in steady state, var, was compared for the different combinations of the four factors D, P, S and L. The k allele frequencies in each generation must sum to 2N and the frequencies of each allele in successive generations are correlated. However, despite this, the frequencies in a given generation can be considered speculatively as k randomly selected values from the probability distribution for a single allele. Therefore, vary is approximately equivalent to taking the variance of a random sample of k values from the allele frequency distribution, so that its average value for many populations in the same state is approximately equal to the variance of the allele frequency distribution for that state. Therefore the average steady-state variance, var, is approximately equal to the variance of the frequency distri-bution for a single allele in steady state (whichever way the probability distribution is derived). Because the mean allele frequency in the simulated populations was known, the denominator of var was k (rather than k -1), and this is also the variance formula that should correspond best to the variance of the allele frequency distribution.
Panmictic population
The basic time series equation is based on the probability, P(q), of a given allele being selected as one of the two alleles of a new plant, using eqn (5). Each new generation consists of N plants and the process of choosing each plant is identical because uniform dispersal distributions are assumed. The probability distribution for the absolute frequency of the allele in the new generation is therefore the binomial distribution with mean NP(q) and variance NP(q)(1 -P(q)). For any sizeable population, the normal distribution provides a very close approximation to this distribution, and a continuous distribution is acceptable.
A panmictic population is the simplest model in which the parents are chosen at random from the previous generation. For any one of the k alleles in the population, let its absolute frequency in the tth generation be f. Then, the NIL model time series The frequency, f1, for a real population, must lie between 0 and N (and must be an integer), but, for realistic values of N and P(q) the probability of eqn (6) yielding a value outside this range is very small.
The variance of z depends on the value of P(f1/2N), but is approximately linearly related to it for small P(f1/2N). Therefore, using the average value of P(f1/2N) which is 2/k, the mean variance is approximately:
Overlapping generations
The effect of overlapping generations is that the parents of a plant may come from a generation that is several generations previous to that of the offspring. The appropriate probability distribution for seed dormancy, assuming that the probability of a given seed germinating each time a new generation arises is a constant, is the geometric distribution. Denoting the constant probability by d, the probability of a seed germinating after i generations is d(1_d)T. On average, this is the proportion of the new generation that are progeny of the ith previous generation and so the expected frequency of the allele in the new generation is the sum of expected frequencies for each of these proportions. Therefore, for the D model, eqn (6) becomes:
The L factor for variation in plant size in the simulation study assumed only two sizes, large and small, for simplicity. The analysis that follows also assumes only two plant sizes but could be extended to more than two. Large plants have a greater probability of contributing to the next generation than small plants because they produce more seed and pollen, and the relative frequency of the allele in the previous (6) generations needs to be adjusted to take account of this. Because work on Papaver dubium indicated that the variation in plant size, at least in that species, did not have a genetic basis (Arthur et al., 1973) , it is assumed that the probability of a plant being large is the same for every plant. Let the proportion of large plants be i and let the ratio of the quantity of seed and pollen of large plants compared to that of small plants be 'q (large plants have 'q times the probability of contributing to the next generation). Each large plant is therefore equivalent to 4, small plants and so the population contains an equivalent of:
N(1 -1,,) +Nlplq N(1 +lp(lq -1)) small plants. (9) The frequency of a particular allele in the entire population, f,, is the total number of plants in the population that contain the allele. The probability of any plant being large is l, and so the frequency of the allele in large plants, f,, follows the binomial distribution with mean f l, and variance fl(l -lv). By comparing these two equations, ft can be expressed just in terms off_1,
f =f1l+z1,
where z, = normal random variable with mean 0 and variance ftl(1-l). The variance of z11 varies linearly with f, which has a mean of 2N/k, so the mean variance is:
Because each large plant is equivalent to 'q small plants, the frequency of the allele in the generation
is equivalent to a small plant frequency of ft +fi,t(lq -1). The effective relative frequency of the allele is therefore:
The general equation for the allele frequency is then obtained by substituting for ... , f each time (12) using eqn (17), and noting thatfo = 2N/k, to give
However, using the expressions for 0 and (eqn 4),
2N ft = --+Z +dO (1 -d+d0y'(z1_+Lz1,). (20) This frequency consists of the mean allele frequency, 2N/k, plus a sum of independent normal random variables (each with a zero mean). The probability distribution of J is, therefore, the normal distribution (although it should be noted that successive values of f are correlated) with a mean of 2N/k and a variance (using eqns 7 and 11 for the variance of z) i=1 (18) so that, Substituting in the expression for f,,t from eqn (10), the effective relative frequency of the allele
The time series equation for the allele frequency for the DL model is then obtained by taking eqn (8) for the D model and using eqn (13) to give the relative frequency of the allele in the probability function, P, and so: f Lz1_
with initial conditions, to match the simulations, f, = 2N/k for t 0 (the initial generation was denoted generation 1 in the simulations but the subsequent notation is simpler if the initial generation is taken as t = 0).
Derivation of the allele frequency distribution
The probability function, P, given by eqn (5) can be substituted into eqn (14). The allele frequency at generation t is then f =z1+2N2 + dO(1 -d)(f+Lz1). (15) This also holds at generation t-1, The Genetical Society of Great Britain, Heredity, 79, 350-360.
The variance in steady state is given by var(f) and var will approximately equal this value, so that:
Without seed dormancy, d = 1, and, with a single plant size, l = 0 or 1, so that for the NIL model In the simulation study, each model was run 25 times and the average variance for these 25 runs calculated for each generation. The initial generation for each run contained an equal number of each possible genotype (and hence equal allele frequencies) and so the average variance during the approach to steady state can be compared with the time series var(f) values from eqn (21). This was carried out for each of the models in Table 1 and, in each case, the time series values were close to those of the simulation model. Figure 2 shows the time series and simulation values for two of the NIL models for the first 100 generations.
The time series analysis predicts that the allele frequencies will be approximately normally distributed. The greatest approximation in the time series analysis is probably that for the probability function, particularly if the variance of allele frequencies is 
Distribution of the generation variance values
The variance values for each generation, vary, for a population in steady state will fluctuate around vary. and the simulation study showed that these fluctuations are substantial. Equation (20) gives the probability distribution for the frequency of a single allele and, as discussed earlier, the frequencies of the k alleles in one generation are approximately equivalent to taking k values at random from this distribution. The frequency of an allele is normally distributed and the variance of a random sample from a normal distribution follows the chi-squared distribution given by, (7500 values) were plotted to investigate whether equations could be generated for initial conditions they approximately followed the distribution, other than equal frequency to investigate further the Figure 4 shows the proportion of values in intervals of 250, as well as the X-i distribution with the same approach to steady state.
The average steady-state variance of allele mean and standard deviation (a mean of 9725 and a frequency, var,,, can be easily obtained for any set of standard deviation of 3438, see Table 1 in Brooks et parameter values from eqn (22), which allows the al., 1996) . These values closely follow the distrieffects of varying the parameter values to be bution as expected.
assessed. The value of var,, increases linearly as N Equations (22) At this value of l, the total contribution of the large plants to future progeny equals the total contribution of the small plants. 
Mutation
Past studies (e.g. Wright, 1939) have derived a probability distribution for the frequencies of all alleles which includes the effect of mutations. Such a probability distribution gives the distribution of the values of all the alleles in the population and has an increased proportion of alleles with low frequency because of the inclusion of recently mutated alleles. However, if the mutation rate u is small (certainly if u 10-6) this difference is negligible, and the effect of mutations on the overall allele frequency distribution can be ignored for most natural populations. Mutations could, perhaps, be added to the time series analysis by dividing the alleles in the population into classes, according to the length of time they have been present in the population, and generating a separate time series for recent mutations.
Limitedpollen and seed dispersal
Limited pollen and seed dispersal introduces a spatial element to the system and causes frequencydependent selection to operate locally rather than globally (Brooks et al., 1996) . It is difficult to incorporate these two factors into the time series analysis
because this is based on global allele frequencies. However, the simulation results indicated that the effect of the P and S factors on the variance of the allele frequencies is small, so the time series results for the DL model are close to those of the most realistic simulation model (the DPSL model), which includes limited seed and pollen dispersal.
It would appear from the computer simulation study that the most important effect of limited pollen and seed dispersal is to cause the alleles to cluster and that this is likely to have two opposing effects. The number of alleles existing locally is likely to be less than k which will increase the strength of frequency-dependent selection and, hence, decrease the allele frequency variance.
However, the area occupied by a particular allele will vary randomly from one generation to the next, which adds a further random element to the system, causing greater variation in allele frequency. It would be possible to incorporate such an effect in the time series analysis by changing the number of selections made from N (in eqn 6) to N1, where N, is itself a time series of a form, say, NIc N, = (28) where k is the number of alleles that can be maintained locally (Nk/k is an estimate of the area occupied by the allele, with the probability equation then based on k rather than k), w represents the strength of the tendency of the size of the area to move towards the average and 2, is the random change in the size of the area. This leads to an additional term in the time series analysis. However, eqn (28) only represents one possible way in which the P and S factors affect the allele frequency. It is also very hard to determine realistic values for the variables in eqn (28), certainly without running a simulation model, which makes it inappropriate, at present, to include this mechanism in the analysis.
Conclusion
The frequency distribution for a single, established allele in a population with overlapping generations and variation in plant size has been derived as the normal distribution, with the variance able to be easily calculated. This enables alternative scenarios to be investigated and gives a greater understanding of the effects of different factors. The effects of changing the parameter values have been discussed. The time to steady state can be precisely calculated with overlapping generations and the number of alleles in the population increasing the time to steady state but changes in the population size and the inclusion of variation in plant size having little effect. The following paper (Brooks et al., 1997) sets out further results. The general approach used here can be applied to any variable that can be expressed linearly as a time series and so may have applications in other areas of population genetics.
